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AUTOMORPHISM SUBGROUPS FOR DESIGNS WITH λ = 1
WILLIAM M. KANTOR
Abstract. Given an integer k ≥ 3 and a group G of odd order, if there exists
a 2-(v, k,1)-design and if v is sufficiently large, then there is such a design
whose automorphism group has a subgroup isomorphic to G. A weaker result
is proved when |G| is even and (k, |G|) = 1.
1. Introduction
Almost 40 years ago Babai [Ba, p. 8] proposed the following “subgroup problem”:
PROBLEM 2.7. Prove for every k ≥ 3, that, given a finite groupG, there
is a BIBD of block size k (a 2-(v, k, 1)-design) X such that G ≤˜AutX.
R.M.Wilson proved this when k is a multiple of |G| [Ba, p. 8]; [LW, Theorem 12.1]
contains this when k−1 is a multiple of |G|. (These results are also in [Wi3, p. 311].)
In this note we will prove other special cases of Babai’s Problem:
Theorem 1.1. Given an integer k ≥ 3 and a group G of odd order, if v satisfies
the divisibility conditions for a 2-(v, k, 1)-design and is sufficiently large then there
is a 2-(v, k, 1)-design whose automorphism group has a subgroup isomorphic to G.
Theorem 1.2. For an odd integer k ≥ 3 and a group G of even order such that
(k, |G|) = 1, there are infinitely many v for which there is a 2-(v, k, 1)-design whose
automorphism group has a subgroup isomorphic to G.
When k or k − 1 is a prime power, see [Ba, p. 8] or [Ka2] for a stronger type
of result: there is a 2-(v, k, 1)-design D for which G ∼= AutD. Babai [Ba, Conjec-
ture 2.8] asked for such a stronger result for arbitrary k ≥ 3, but this presently
seems out of reach (see Remark 2.5 below): there is no substitute for the affine or
projective geometries that are available when k or k − 1 is a prime power.
Theorem 1.2 is proved in Section 3. The remainder of this paper is devoted
to Theorem 1.1: Section 2 contains a proof that there are infinitely many designs
behaving as in Babai’s Problem when |G| is odd, while Propositions 5.2 and 6.1
(based on Theorem 4.1) contain the background needed for the recursion at the
end of Section 6.
All of our proofs are the same for abelian and nonabelian groups. In all of the
results mentioned above |G| is tiny relative to v.
2. Odd order
Theorem 2.1 (Wilson). Given k ≥ 3, for all sufficiently large primes p ≡ 1
(mod k(k − 1)) there is a 2-(p, k, 1)-design E whose set of points is F := Fp and
whose automorphism group contains {x 7→ x+ b | b ∈ F}.
Moreover, if p = 1+ k(k− 1)t with t odd then E can be chosen so that {x 7→ sx |
s ∈ F, st = 1} is also a group of automorphisms of E.
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This is proved in [Wi1, pp. 22-26], where an initial block A is found. If t is odd,
the subgroup of F ∗ of order 2t factors as S × 〈−1〉 for a subgroup S of order t.
This can then be used as in [Wi1, p. 22] to obtain the set {sA+ b | s ∈ S, b ∈ F}
of blocks of E.
The preceding theorem lets us handle Babai’s Problem when |G| is odd:
Theorem 2.2. Given an integer k ≥ 3 and a group G of odd order, there are
infinitely many v for which there is a 2-(v, k, 1)-design whose automorphism group
has a subgroup isomorphic to G.
Proof. By Dirichlet’s Theorem there is a prime p ≡ 1+k(k − 1)|G| (mod 2k(k − 1)|G|).
If we write p − 1 = k(k − 1)t, it follows that (p − 1)/{k(k − 1)} = t is odd and
divisible by |G|. As above, let F = Fp and let S be the subgroup of F
∗ of order t.
We will prove the theorem by using suitable powers v = pd. Let V = F d, where
d is chosen so that G is (isomorphic to) a group of permutations of a basis of V
and hence is in GL(V ). (For example, any integer d ≥ |G| can be chosen.)
We will use the affine space A = AG(d, p) whose set of points is V . Clearly
G < GL(V ) < AGL(V ). (Here AGL(V ) = {v 7→ vM + c | M ∈ GL(V ), c ∈ V }.
Let L be a set of representatives of the orbits of G on the lines of A.
Let L ∈ L. View L as F , so the group AGL(1, p) of p(p−1) affine transformations
x 7→ ax+b for a ∈ F ∗, b ∈ F , corresponds to the affine group AGL(L) on L obtained
from AGL(V ). Then {x 7→ sx + b | s ∈ S, b ∈ F} corresponds to a subgroup S(L)
of AGL(L) of order pt. Each subgroup of AGL(L) of order dividing |S| = t lies in
S(L) (since the quotient group AGL(1, p)/{x 7→ x+ b | b ∈ F} is isomorphic to the
cyclic group F ∗).
The set-stabilizer GL induces on L a subgroup G
L
L of AGL(L). Since |G| divides
t = |S| so does |GLL|. Then G
L
L ≤ S(L) by the preceding paragraph.
Use each L ∈ L as the set of points of a 2-(p, k, 1)-design DL behaving as E does
at the end of Theorem 2.1, so GLL ≤ S(L) ≤ AutDL. Let BL be the set of blocks
of DL.
For each L ∈ L and each g ∈ G, (DL)
g is a design whose set of points is Lg.
This definition is consistent: if Lg = Lg
′
then (DL)
g = (DL)
g′ . For, if h = g′g−1
then h ∈ G and Lh = L, so the permutation hL induced by h on L lies in GLL ≤
AutDL. Then h
L sends DL to itself, so (DL)
g = (DL)
g′ , as required.
Define a geometry D as follows:
points are the points of A
blocks are the elements of
⋃
L∈L, g∈G
(BL)
g.
It is elementary that D is a 2-(pd, k, 1)-design: any two points lie in a unique line
Lg for L ∈ L and g ∈ G, and then in a unique member of (BL)
g. Since G is in
AGL(V ) and permutes the sets (DL)
g it is a subgroup of AutD. 
Remark 2.3. The first paragraph of the above proof contains a solution to Babai’s
Problem for the cyclic group of order |G|, by the last sentence of Theorem 2.1. The
proof of Theorem 1.2 involves something similar: a cyclic group case of Babai’s
Problem is used to deal with much more general groups.
Remark 2.4. Placing designs on the blocks of another design is standard [Wi1,
p. 28]. Preserving the automorphism group is less standard. The above simple
method was used in [Ka1, Sec. III.C] to construct flag-transitive designs; preserving
a group of automorphisms of the larger design was as essential there as it is here.
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Remark 2.5. We needed A in order to have an arbitrary group of odd order.
Given the action of G on V , the groups GL and G
L
L are known; since p > |G|, the
group GLL is cyclic.
However, there is flexibility with the designs DL. We only needed to have G
L
L ≤
AutDL (for each L ∈ L) in order for the proof to work. Thus, each of the original
designs DL (L ∈ L) can be replaced by (DL)
h(L) for any permutation h(L) of the
points of L that normalizes GLL.
Suitable changes of this sort might provide a way to obtain a 2-(pd, k, 1)-design
D′ such that G ∼= AutD′. For this purpose it appears to be necessary to recover
the affine space A from some such design D′. However, we have been unable to do
this.
Remark 2.6. On the other hand, each design DL admits the group S(L) <
AGL(L) = AGL(V )LL as a group of automorphisms that is regular on blocks:
{sA + b | s ∈ S, b ∈ F} is the set of |S|p = p(p − 1)/k(k − 1) blocks of each
design constructed in [Wi1, p. 22] starting from a suitable initial block A ⊂ F .
Remark 2.7. If B is a block of the design D constructed in the proof of Theorem 2.2
then GBB = 1. For, B is in a unique line L of A, so L is fixed by GB. Then
GLB ≤ S(L) as in the above proof. However, as already noted in the preceding
remark, S(L) is regular on the blocks of DL, so G
L
B ≤ S(L)B = 1 and hence
GBB = 1.
This will be crucial in Section 6.
Remark 2.8. It can be shown that the automorphism group of each design in
Theorem 2.1 has odd order. This implies that our argument cannot work when |G|
is even. For that case, in the next section we use another known construction of
p-point designs.
3. Even order
When |G| is even we use a consequence of a theorem of Lamken and Wilson [LW,
Theorem 12.1]; but first we need a prime:
Lemma 3.1. Let k ≥ 3, and let h be a multiple of 4 such that (k, h) = 1. Then
there are infinitely many primes p > h satisfying the following conditions:
(i) p = 1 + (k − 1)n,
(ii) n(n− 1) ≡ 0 (mod k),
(iii) n(n− 1) ≡ 0 (mod 4k) if k ≡ 3 (mod 4), and
(iv) (p− 1, h) = (k − 1, h).
Proof. Letw be an integer such that kw ≡ 1 (mod h). Then (1+k(k−1)w, kh(k − 1)) =
(1 + k(k − 1)w,h) = (1 + (k − 1),h) = 1. By Dirichlet’s Theorem there are infin-
itely many integers y such that p := 1 + k(k − 1)w + {kh(k − 1)}y = 1 + (k − 1)n
is prime, where n := kw + khy ≡ 0 (mod k). Then (ii) is clear, and (iii) holds:
n − 1 = (kw − 1) + khy ≡ 0 (mod 4) since kw ≡ 1 (mod 4). Finally, (iv) holds:
(p− 1, h) = (k(k − 1)w + {kh(k − 1)}y, h) = (kw(k − 1), h) = (k − 1, h). 
Theorem 3.2 (Lamken and Wilson). Given k, for all sufficiently large p satisfying
the first three conditions of Lemma 3.1 there is a 2-(p, k, 1)-design E such that AutE
has a cyclic subgroup of order k− 1 having one fixed point and all remaining orbits
of length k − 1.
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Proof of Theorem 1.2. We imitate the proof of Theorem 2.2. In Lemma 3.1 let
h := |G|, where we increase G if necessary in order to have h divisible by 4.
(Admittedly this is annoying.) Fix p > |G| in the lemma. Choose d sufficiently
large so that G is (isomorphic to) a subgroup of Sd and hence also of AGL(d, p).
The points of our design D are the points of A = AG(d, p).
Let L ∈ L, where L is a set of representatives of the orbits of G on the lines of
A. Then GLL ≤ AGL(L)
∼= AGL(1, p) and p > |G| ≥ |GLL|, so G
L
L is a cyclic group
of order dividing (p − 1, |G|) = (k − 1, |G|) by Lemma 3.1(iv). This cyclic group
fixes a point, and all remaining orbits have length |GLL|. After identifying L with
the set of points of the design in Theorem 3.2 and conjugating by a permutation of
the points of L, we may assume that GLL is contained in the cyclic group of order
k − 1 in Theorem 3.2. Thus, L is the set of points of a design DL, isomorphic to
the design E in that theorem, such that GLL ≤ AutDL. Let BL denote the set of
blocks of DL.
Now repeat the last three paragraphs of the proof of Theorem 2.2. 
4. Moore and Ray-Chaudhuri
Wilson [Wi1, p. 29] credits Ray-Chaudhuri for the following generalization of a
standard, fundamental result due to Moore [Mo, p. 276]:
Theorem 4.1. A 2-(y, k, 1)-design Y with a subdesign X on x points, a 2-(v, k, 1)-
design V, and a transversal design TD(k, y−x) produce a 2-(v(y−x)+x, k, 1)-design.
Here a transversal design TD(k, n) consists of kn points, n2 blocks each having k
points, and a partition of the points into k “groups” of size n, such that each block
meets each group and any two points in different groups are in a unique block.
The following proof is based on [Wi1, p. 29-30], and is included since we need
properties of the constructed design.
Proof. If Z := Y −X as a set, then V ×Z will consist of most of the points of our
new design. Let C be a block of V , hence of size k. There is a transversal design
TD(k, y − x) on C × Z whose set of groups is {c × Z | c ∈ C} and whose set of
blocks will be denoted BC×Z; this transversal design, denoted TDC×Z , has nothing
to do with the design on Y .
Imitating Moore [Mo, p. 276] produces a new design as follows:
points: elements of (V × Z) ∪X ;
blocks are of four sorts:
• the blocks of X ,
• for each v ∈ V ,
– {(v, c) | c ∈ B} where B is a block of Y disjoint from X , or
– {(v, c), x | c ∈ B − {x}} where B is a block of Y meeting X at x,
and
•
⋃
{BC×Z | C is a block of V }.
The only non-obvious part the proof concerns a pair (v1, z1), (v2, z2) ∈ V × Z
with v1 6= v2. Since v1 6= v2 there is a unique block C of V containing them, and
(v1, z1) and (v2, z2) belong to different groups v1 ×Z and v2×Z of TDC×Z . Then
there is a unique block in BC×Z containing them. 
Remark 4.2. The existence of a TD(k, n) is equivalent to the existence of a set of
k− 2 mutually orthogonal Latin squares of order n. If N(n) denotes the maximum
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number of mutually orthogonal Latin squares of order n, then [CES] proves that
there is an integer n0 such that N(n) ≥
1
3n
1/91 if n > n0 (and there are better
bounds known [Wi2]). Thus, if n(k) := max(n0, (3k)
91) then
(4.3) If n > n(k) then there is a TD(k, n).
5. Recursion
The Doyen-Wilson Theorem [DW] states that, whenever y ≥ 2x + 1, there is a
Steiner triple system on y points having a subsystem on x points. The following is
a significant generalization of that result [DLL]:
Theorem 5.1. If k ≥ 3 then there is x0(k) > k such that, if x > x0(k), y > xk,
x− 1 ≡ y − 1 ≡ 0 (mod k − 1) and x(x − 1) ≡ y(y − 1) ≡ 0 (mod k(k − 1)), then
there is a 2-(y, k, 1)-design having an x-point subdesign.
We use this for a recursive result (n(k) appears in Remark 4.2):
Proposition 5.2. For k ≥ 3 let S be a nonempty set of 2-(u, k, 1)-designs, and let
S¯ be the set of all such u that occur for S. Assume that, if v ∈ S¯ and if x and y
are as in Theorem 5.1 with y − x > n(k), then x+ v(y − x) ∈ S¯.
Then S¯ contains all sufficiently large u satisfying the divisibility conditions for
a 2-(u, k, 1)-design.
Our argument imitates [Ca] (cf. [DK, Sec. 3.4]). This result is probably also a
consequence of the methods in [Wi1, Sec. 4].
Proof. Let x1 > x0(k) > k be any representative for a congruence class (mod
k(k−1)) of integers such that there exists a 2-(x1, k, 1)-design. Consider any integer
a ≥ vx1n(k) ≥ vx1. Choose y − x = x1k(k − 1)a > n(k), and then choose x =
x1+k(k−1)t > x0(k) with 0 ≤ t < a. Then x and y = x1+x1k(k − 1)a+k(k−1)t
satisfy the divisibility conditions and the requirement y > kx in Theorem 5.1 (since
x1 > k). By hypothesis,
(5.3) u := x+ v(y − x) ∈ S¯, where u = x1 + vx1k(k − 1)a+ k(k − 1)t.
Then u − 1 ≡ 0 (mod k − 1) and u(u− 1) ≡ 0 (mod k(k − 1)). We will show that
the set of all u obtained in (5.3) contains the set of all sufficiently large u ≡ x1
(mod k(k − 1)) satisfying these divisibility conditions.
Given a, we have y − x = x1k(k − 1)a and x = x1 + k(k − 1)t. By choosing
t = 0, . . . , a− 1, we realize
u = x1 + vx1k(k − 1)a, . . . , x1 + vx1k(k − 1)a+ k(k − 1)(a− 1).
For y − x = x1k(k − 1)(a+ 1), we realize
u = x1 + vx1k(k − 1)(a+ 1), . . . , x1 + vx1k(k − 1)(a+ 1) + k(k − 1)a.
In order not to leave any gaps, we require that these intervals abut or overlap. This
occurs as long as x1 + vx1k(k− 1)a+ k(k− 1)a ≥ x1 + vx1k(k− 1)(a+1), that is,
a ≥ vx1. So we can achieve all sufficiently large x ≡ x1 (mod k(k − 1)).
Now let x1 > x0(k) run through a set of representatives for the congruence classes
(mod k(k − 1)) that satisfy the divisibility conditions for a 2-(x1, k, 1)-design. 
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6. More odd
We call an automorphism group of a design 1-blocked if the set-stabilizer of any
block is the identity on the block. Our basic example was in Remark 2.7. This
notion is preserved by the construction in Section 4:
Proposition 6.1. Let k ≥ 3 and let G be a 1-blocked automorphism group of a
2-(v, k, 1)-design V . Then a 2-(y, k, 1)-design Y with a subdesign X on x points,
together with a transversal design TD(k, y−x), produce a 2-(v(y−x)+x, k, 1)-design
U such that G is isomorphic to a 1-blocked subgroup of AutU .
Proof. We use the construction and notation in the proof of Theorem 4.1. Each
g ∈ G induces on U the permutation g¯ sending x 7→ x and (v, z) 7→ (vg, z) for
x ∈ X, v ∈ V, z ∈ Z. Clearly G¯ ∼= G. For each orbit-representative C of G on the
blocks of V we have a transversal design TDC×Z whose set of points is C ×Z, and
if g ∈ G then Cg × Z = (C × Z)g¯ for a block Cg of V ; let TDCg×Z := (TDC×Z)
g¯.
As in the proof of Theorem 2.2 this is well-defined: if Cg×Z = C×Z then Cg = C,
so g = 1 on C since G is 1-blocked, and hence (TDC×Z)
g¯ = TDC×Z since g¯ = 1
on C × Z.
By construction (cf. Section 4), each g¯ permutes the designs TDC′×Z with C
′ a
block of V , and sends each block {(v, c) | c ∈ B} or {(v, c), x | c ∈ B − {x}} of U
to another such block. Thus, G¯ ≤ AutU .
Consider a block E of U fixed by g¯ ∈ G¯. By Section 4, either E is contained in
X ∪ (v×B) for v ∈ V and a block B of Y , or E is a block of some TDC×Z . In the
former case it is clear that g¯ = 1 on E, so we are left with E in TDC×Z . In view
of the construction in Section 4, C is uniquely determined by E and hence is fixed
by g. Since G is 1-blocked on V , it follows that g = 1 on C. Then g¯ = 1 on C × Z
and hence on E. Thus, G¯ is a 1-blocked subgroup of AutU . 
Remark 6.2. An automorphism group of even order cannot be 1-blocked. For, an
involution interchanges two points, hence fixes the block containing them and acts
nontrivially on that block.
Proof of Theorem 1.1. We will apply Proposition 5.2 to the set S of 2-(v, k, 1)-
designs whose automorphism group has a 1-blocked subgroup isomorphic to G. By
Theorem 2.2 and Remark 2.7, S contains some 2-(v, k, 1)-design.
We defined n(k) in Remark 4.2 and x0(k) in Theorem 5.1. Let x > max(n(k), x0(k))
and y > kx be integers such that there are 2-(x, k, 1)- and 2-(y, k, 1)-designs.
By Theorem 5.1 there is a 2-(y, k, 1)-design having an x-point subdesign. Since
y − x > kx− x > n(k) there is a TD(k, y − x) by (4.3). Then x+ v(y − x) ∈ S¯ by
Proposition 6.1.
Now use Proposition 5.2. 
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